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1 Definitions

In this part the basic definitions are given.

1.1 Weight Functions

Let Z,, be the (commutate) residue class ring of integers modulo m with
2<meN.

Definition 1.1 (weight) w : Z,, — R is called weight function' or simply
weight?, iff:

(WI) wzx)=0<«<= z=0

(W II) Vx € Zy, : w(—2) = w(x)

(W III) Vo,y € Zy, - w(z +y) < w(z) +w(y)
Remark 1.1 It follows as a further predicate:
(1) Va €Zy :w(x) >0

Definition 1.2 (egalitarian weight) w : Z,, — R is called egalitarian weight®,
iff:
(EW 1) w is weight (def. 1.1)
(EW II) 3¢ eR:VU < Z, with U # {0} :*
> w(x) = (U]
zeU

Definition 1.3 (normalized egalitarian weight) An egalitarian weight with
¢ =1 is called normalized.

1german: Gewichtsfunktion

Zgerman: Gewicht

3german: egalitédres Gewicht

4U <4 Z,, means, that U is subgroup of Z,,. Every subgroup is possibly represented by
adivider tim as: U ={z € Zy, : x =k - t}

Sgerman: normiertes egalitdres Gewicht



4 1 DEFINITIONS

Definition 1.4 (strongly egalitarian weight) w : Z,, — R is called strongly
egalitarian weight®, iff:

(SEW 1) w is weight (def. 1.1)

(SEW II) 3¢ e R: VU < Z,, with U # {0} :

V coset z + U with z € Z,, :
> wix) = (U]
rz€z+U

Remark 1.2 Fvery strongly egalitarian weight is also an egalitarian weight.

Definition 1.5 (normalized strongly egalitarian weight) A strongly egal-
itarian weight with ¢ = 1 is called normalized" .

Remark 1.3 w : Z,, — R is normalized (strongly) egalitarian weight. —
W : Ly — R,z — (-w(x) is (strongly) egalitarian.

Remark 1.4 Contradiction for m = 6k:

for m = 0(mod 6): {0; %; 27’”; ‘%m; ‘%m; ‘%m} <QZoyn, 80:

e (5) e (5) () w5 e (5) -

=2 —

[N CQ|

The triangle inequality 1.1 (W III) says:

2o n() v+ 5) 2e(3)

Therefore we have a contradiction.

For m = 0 (mod 6) there ezists no egalitarian and no strongly egalitarian weight.

fgerman: vollstandig egalitéres Gewicht
“german: normiertes vollstidndig egalitires Gewicht
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1.2 Weight Vectors

Every weight function (def. 1.1) can be interpreted as a vector: ®

Tr = (SL’Q,JZ‘l, R ,.’L‘mfl)T e R™
Vie[0om—1NZ:[ilm € Zm N w([i]m) =
In the same way as for a weight function the following words are defined:

e weight vector
e egalitarian weight vector

e strongly egalitarian weight vector

With these definitions a weight is nothing else than a dedicated point in
the R™. All restrictions to these points are linear; therefore the set of all
(strongly) egalitarian weight vectors for one m moulds a polytope.

8Zm can be interpreted as [0;m — 1] N Z.
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2 Examples

2.1 Weight for m =5

° reR5
° I={1;2}
o = 0
(G'].) r1 > 0
To > 0
i) < T+ 21
(G2) { T < T2 + To
(G3) ——

(E2) SL’1+.T2—|—SCQ+.T1:5

(VE2) ZE1+I‘2+ZE2+I‘1:5

Remember: x¢o =0, x4 = 1 and z3 = x5
Every normalized egalitarian weight is normalized strongly egalitarian, too.
The set of all normalized egalitarian weights on Z; has one degree of freedom

- see fig. 1.
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Figure 1: normalized egalitarian and strongly egalitarian weights on Zs as a
line in R?

2 Polytop: Menge der egalitaren Gewichte auf Z,
Schatten / Projektion auf die x,-x,~Ebene
714 Schatten / Projektion auf die x1—xS—Ebene
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Figure 2: normalized egalitarian weights on Z; as a surface in R?
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Figure 3: normalized egalitarian and strongly egalitarian weights on Zg as a
line in R?

Schatten / Projektion auf die x,—x,~Ebene
Schatten / Projektion auf die x,-x,~Ebene
1

Schatten / Projektion auf die x,-x,~Ebene

" | [ Polytop: Menge der egalitdren Gewichte auf Z,

XA/X5

Figure 4: normalized egalitarian and strongly egalitarian weights on Zg as a
surface in R3
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Figure 5: normalized egalitarian and strongly egalitarian weight on Zy,

Projektion auf X, = X5 = Ebene

— Projektion auf X, = X5 = Ebene

[ Poltyop: Menge der vollstaendig egalitaeren Gewichte auf Z,
- Projektion auf x, - x, — Ebene

05

Figure 6: normalized strongly egalitarian weights on Z5
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3 Equations - Inequations

If you look at the numbers of equations and inequations of the problems, you
can easily see:

(WI) wz)=0<= z=0
is not relevant because it is known.

(W II) Ve € Zy, - w(—2x) = w(x)

are | m equations| and

(W III) Vz,y € Zp, - w(x +y) < w(z) +w(y)

are | m? inequations |.

(EW I) w is weight (def. 1.1)

(EW II) 3¢ € R:VU < Z,, with U # {0} :

> w(z) = (U]

zelU

are | |7’ equations | with T :={d € N:d|m A d > 1}.

(SEW I) w is weight (def. 1.1)

(SEW II) 3¢ € R : VU < Z,, with U # {0} :

Y coset z + U with z € Z,, :

> wlz) =¢U]

rez+U

are | |T'| - (m — 1) equations| with the same T as above.

But of course there is a lot of redundancy - for example see the inequations
for a weight in fig. 7 or the equations for strongly egalitarian in fig. 8 and
fig. 9.
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Figure 7: Redundancy in the inequations in def. 1.1 (W III)

gig}r ol1]2]3]4 40321
0 01121314 11321
1 112131415 312110
2 21314506 o1 ]o]1
3 3la4]5]/0|7 Tlol1]2
m—4d=4 43210 81 7165
m—_—3=33 21101 71654
m—2=2 210 1]2 65|43
m—1=11]l0112]3 51432

In the first column are written the possible values of y € Z,, —
m — 1 is here equal to 1, because w(y) = w(—y). In the first line
is the same for x € Z,,. In the points of intersection you see the
x + y in the meaning of w(z + y). Therefore again m — 1 can
represented as 1.

You can see 2 kinds of symmetries: From the upper left corner
to the down right corner you have the symmetry axis due to the
commutativity of w(z) +w(y) = w(y) +w(x). From down left to
upper right you have the symmetry axis due to w(z) = w(—=x).
The bold numbers mark the inequations for a weight without any
obvious redundancy.

Therefore it is helpful to reduce these numbers - especially the number of
inequations. It is possible to get:

dy = L%J number of unknowns, due to (W II)

m? — 4m
oo f

with m = 0 (mod 2)

with 7 = 1 (mod 2) number of inequations for a weight

FYTJCpy—

ds3 = |T| number of equations for egalitarian

dy = Z L%J + |Tp| number of equations for strongly egalitarian
deTp
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Figure 8: Symmetry in def. 1.4 (SEW II) for
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with: T:={deN:dm AN d>1}
Tp :={d € P:dm}

To find weights for m > 500 you still have more than 62001 inequations.

15
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Figure 10: Number of equations and inequations for weights

d_4 = Anzahl Gleichungen um einen vollstandig egalitdren Gewichtsvektor zu bestimmen:
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d_3 = Anzahl Gleichungen um einen egalitaren Gewichtsvektor zu bestimmen:

:><><><>< ><><><>< ><}<><><>< >§<><><><><><>§§<
X X X X X
S B IR

1 200 400 600 800 1000 1200 1400 1600 1800 2000

d_2 = Anzahl Ungleichungen um einen Gewichtsvektor zu bestimmen:

998 001

500 000

100 000
0

1 200 400 600 800 1000 1200 1400 1600 1800 2000
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4 Extrema

4.1 Definitions for Extremum

Definition 4.1 (normalisator map, extrema) The function ((w) maps
the egalitarian (resp. strongly egalitarian) weight to this ( in the definition
(def. 1.2, 1.4).

1 1 . o
((w) = —w(Zp) = . Z w(x), with w (strongly) egalitarian

TELm,

Therewith you can write down for every weight w its normalized weight ﬁ
Cmin(w) := min {@ cw(x) # 0}
G = {2 () 20
mar\W) = Max § —— . W(x
(w)
Definition 4.2 (shortcuts for extrema)
minGegatitarian = MIN{ Cmin (W) : w is egalitarian weight}

ML e gatitarian = MAT{ (naz (W) : w is egalitarian weight}

strongly . __ . . . . . .
minCegatitarian *= min{ Gnin (W) : w is strongly egalitarian weight}

m“{j;ﬁ?;zlﬁan = maz{(maz (W) : w is strongly egalitarian weight}

4.2 Optimization

To get the maximum or minimum as to x; from a normalized egalitarian and
strongly egalitarian weight respectivly you can solve the linear program:

¢’ -z — max. / min.

U-z2<0

G-z=0b



18 4 EXTREMA

There is U from the inequations in theorem 5.1 (G2), G(3) and the equations
G, b from theorem 5.2 and 5.3 respectivly. c¢ is the first column from the
identity matrix. To find the extremum in another direction, say 7, you choose
the i*" column.

To get exact results without rounding errors it is necessary to calculate with
rational numbers.”

Consequently it is impossible to get a great deal of results in a simply way.
The answer is to guess an amount of suitable inequations at the beginning
and then to add recursively the violated ones.!°

4.3 Program, Results

In my diploma thesis I wrote a program in C and used integers with un-
limited precision from the library CLN (Class Library for Numbers'!). To
calculate with these classes I had to implement the simplex algorithm and
helper applications, like canceling down rational numbers'? by the Euclidean
algorithm or to find all (prime) dividers of an integer — see fig. 11.

The running time of the program is like the number of inequations for a
weight — see again fig. 10.

In the tables 1 and 2 and in fig. 12 you can see some results of the numerical
experiments.

In general only a few facts are known — see table. 3.

With the numerical experiments it was possible to make the hypothesis in
fig. 13.

9With machine accuracy I had rounding errors already for m = 11. In the calculation
of all extreme egalitarian weights up to 160 the biggest number in extensions needed
about 80 bits of memory.

10T calculated all extreme weights up to 194 and all minima up to 357. On the whole
there are up to 1155 results.

Hhttp://www.ginac.de/CLN

12CLN has directly implemented rational numbers, but for memory efficiency it reduced
the numerator and the denominator in every step. This was to slow for my project.
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Figure 11: Canceling down with the Euclidean algorithm

void kuerze(cl_I *a, cl_I *b);
K

Es wird a und b gekuerzt.

Parameter:
cl_ I *a : ganze Zahl a als Zaehler
CL_I *b : ganze Zahl b als Nenenr

0/b liefert 0/1;
a/0 fuehrt zum Programmabbruch;
das Vorzeichen wird in a gespeichert, d. h. hinterher: b > 0

void kuerze(cl_I *a, cl_I *b)
{
cl_I zaehler, nenner, tmp;
assert((xb) !'= 0);
zaehler = abs((*a));
nenner = abs((*b));
if ((xa) '= 0)

{
if ((zaehler != 1) && (nenner != 1))
{
/* GGT von zaehler und nenner wird mittels
Euklid’schen Algorithmus bestimmt: */
while(nenner != 0)
{
tmp = nenner;
/* nenner = (cl_I) zaehler % nenner; */
nenner = zaehler - floorl(zaehler,nenner) * nenner;
zaehler = tmp;
}
/* fuer die Hilfsvariable gilt: zaehler = ggT(a,b) */
/* nun kann gekuerzt werden: */
(*a) = exquo((*a),zaehler);
(*¥b) = exquo((*b),zaehler);
}
if ((*¥b)<0)
{
(xa) = -(xa);
(¥b) = -(xb);
}
} else {
(xa) = OL;
(xb) = 1L;
}



20 4 EXTREMA
egalitarian | strongly egalitarian egalitarian | strongly egalitarian
m Cmin ‘ Cmaa: Cmm‘ Cmaa: m Cmin ‘ Cmax szn‘ Cmax
A7 47 47 47
R ; I
oy TR
Lo : T :
i : e .
e ; =
10] 3 2 2 2 3| 75 | 57 | 7 5
11 L I 10 I 55 | 2 218 1 49
5 & 66 110 L 12 2
R e :
R y e :
I : B s B 5
16| ¢ 2 1 2 59| & | 30 | & 30
7 Ir [ I I yug 61 | oL [ bl [ L o1
'{% 199 '{% 199 9%0 31 9}0 31
D) 9 w0 | m Clel 2 l% .
G S . R el 2
G R v O 2 Oyl 21w -
R S 3 pE} 67 | b ot [ 67
1}2 %% 1}2 %% 11122 34 11122 34
R S A . L S A :
R S S . Ol f x| % 2
2 ¢ 1w g 2 Dl 22 -
28 6 2 6 2 71 1260 36 1260 36
59 2 T m [ 2T pit T I T ]
23110 %)L;) 23110 %)L;) 13132 37 1332 37
5Ll o0 | %6 | o 15 L :
N S A . Dl s |G 2
LR A 2 A -
e T - E R %
35 g % 357 @ 79 15160 40 1560 40
ST o | w | oap 19 Dl w2l .
LB . A S 2
SR - 2 SN H :
40 8 2 8 2 83 1722 42 1722 42
I L L S A o g} T B T i
44230 421:13 44230 421:13 1(1)2 43 210 43
T D :
e : A ;
L : e
46 11 2 11 2 89 1980 45 1980 45

Table 1: Bounds for normalized egalitarian and strongly egalitarian weights

4...89
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egalitarian | strongly egalitarian egalitarian | strongly egalitarian
m Cmin ‘ Cmaa: Cmm‘ Cmaa: m Cmin ‘ Cmam Cmm‘ Cmaa:
03 & [ B 4 3 36 L 2 [ & ;
O B 5 137 | L | B2 i3
23 23 4692 69 4692 69
095 | = 95 1 9% 139 | 139 | 139 1 139 139
8 L 2 | & 2 TP A T e 3
99 | L [ DT 4 : L2 4 ;
101 ﬁ 101 ﬁ 101 145 % 174i f 174i
T8 VA 0
05| & | 2 | 2 3 s L 2 [ 1 >
06 L 1 2 | & ; 129 | A | T 12
26 26 5550 75 5550 75
107 | 20T 107 107 107 151 | 2L I5T 151 I5T
M0 & | 2 [ & 5 B3 4 =L 5
M| s [= 4 2 ] & | 2 | b 5
| L2 | 4 ) 55| o | 55 [ 4 =
24 24 186 78 36 78
113 | 13 | 13 113 113 157 | 22 | 157 | 157 157
M| & [ 2 | & 2 o] = [ Bt ;
117 S B (i 3 160 pa 257 a8 5
118 1 821 1 5 161 i ) 161
119 3 110 E 19 163 @ & ﬁ &
IR 2 - 5
123 A T B s 3 166 1 131 s §1
i L [ 2 | & 5 T67 | o0 | T [ der it
125 ? 125 ? 125 169 6i2 169 GEQ @
I e A 5
BT |
129 A L 3 172 + 620 1 %
Bo| L [ 2 [ 4 5 73 [ 15| T 1f =
131 ﬁ 131 ﬁ 131 175 7f2 & 7f2 @
133 42&) & 420 & 176 f % ﬁ 720
228 67 32 67 40 40 40

Table 2: Bounds for normalized egalitarian and strongly egalitarian weights
91...176
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max strongly mazx ~strongly
minCegalitarian Cegalitarian minSegalitarian egalitarian
min. of max. of min. of max. of
egal. weight | egal. weight str. egal. weight str. egal. weight
m — 2. k- L magz ~strongly 3
m =3 k, keN ‘ Cequliturrmn 2
egalitarian is the same as strongly egalitarian
T = 4m
1= m2=1
Ty — 2(,51 T = 2m
T3 = T + To 1 m+1
. m
oddmeP : T2 = oA
Tmin = . y Tmaz = .
Ty =T1+ Tp-1 . m
: 3]~ ma
i B ko
egalitarian is the same as strongly egalitarian
i cstrongy [ with m = 0 (mod 2)
minSegalitarian minSegalitarian 42m VVith m=1 (mod 2)
m=2%LeN me-l
L= s v mawC o __ maz ~strongly 2 — w(zkfl)
egalitarian — egalitarian — < 7
example: Lee weight wre. : Zy, — Q, z +— min{z,m — z}

with ¢ (wree) = m =1

m=p"pcP,kecN

minCegalitarian = -0

example: Vikhren weight

. p=1 k-1 p+l k-1
wv,-kh(x) = w—Llee(xk)fl W%th x_lg 2k—1p v x+12 %71 b
' b=t with 2 p" <o <= p

Table 3: General facts for the bounds

synsoy ‘wersorg ¢y
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Vm : minCegalitarian (m) = £ : minCegalitarian(p) Wlth b= min {-27 € P: l"m} 2 )
m
m _
Vm : minCegalitarian (m) = minCegalitarian (m)
m
i strongly o m strongly — : — . _ ki ko
Vet minCgatitarian (M) = —— * minCegatitarian (M) With T =py - py - ... - p, the quadratic free core of m = py* - py* -
m
. 2 227 4.p
Ym =27 - pk with pE ]P)a p> 3 and j> keN: minCe alitarian — min est;‘ozlgf}ian = = =
gattt gatit ¢(m)  pL-(p—1) m-(p—1)
VYm=3-pwithpePand p > 3: minC 5 5
m=9o-pP Wl an * minSegalitarian = =
. 1
vm =DP1: P2 Wlth D1, D2 S ]P) and 3 S b1 S D2 minCegalitarian(m) = p_ : minCegalitarian(pl)
2

Figure 13: Hypothesis for the bounds
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5 Simplifications

Theorem 5.1 (weight vector) To determine a weight vector x € R™ it is
sufficient to determine x; for i € I := [1;%] N 7Z with the help of:

(Gl) Viel:2;>0

(G2) Vi, jeTwithi<j Aj#m—iAjAm—2iAj+#mDt

Y < T; + X
C T (itg) S X+ T

(G3) Vi,jeTwithi<j Aj#2 Aj#m:

:L‘j—z‘ S €Z; + l‘j

The left over components are given by:

Vigl:x;=mx, ; whereism—i € [
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Theorem 5.2 (egalitirer Gewichtsvektor) To determine a normalized
egalitarian weight vector x € R™ it is sufficient to determine x; for 1 € I :=
[1; 2] N Z with the help of:

(E1) = fulfill (G1),(G2) and (G3) from theorem 5.1

(E2) the following equations have to be fulfilled:
for m even:

3

wf3
I
[\

Vd|lm with d >3 > 2:

14+

d
Tang D T =d
=2 i—[]+2

for m odd:

Vd|m with d > 3 :

La5at ] +1 d
D Tenrt D, Ty =d

The left over components are given by:

Vigl:x;=mx,_; whereism —1 € [



27

Theorem 5.3 (vollstéindig egalitirer Gewichtsvektor) To determine a
normalized strongly egalitarian weight vector x € R™ it is sufficient to deter-

mine x; fori € I := [1;%] N Z with the help of:

(VE1) z fulfill (G1),(G2) and (G3) from theorem 5.1
(VE2) Vd|m with d € P: 13 14

]

+1

ol
[I—

d
T(-nm + Z Tin—(i-1)z =d
i=| §]+2

I
[N}

I A ‘
Vz € [1; ﬁ] NZ: Top(i-nm + Z Tm—(z+(-1)m) = d
+2

i—| d_zd
Z_L2 mJ

wla
n
)

3|

.
I
_.

The left over components are given by:

Vigl:x,=x,_; whereism—i €[

13The number 1 isn’t a prime number: 1 ¢ P
14The set [1; 2] is empty for 2% < 1 by appointment.



28

5 SIMPLIFICATIONS
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